LIMITING LAWS FOR LONG BROWNIAN 
BRIDGES PERTURBED BY THEIR ONE-SIDED 

MAXIMUM, III 

O . Bernard ROYNETTE^i), Pierre VALLOIS(i) and Marc YOR (2) (3) 

o 

(N 

> 
O 



February 2, 2008 



(1) Universite Henri Poincare, Institut de Mathematiques Elie Cartan, B.P. 239, F-54506 Vandceuvre- 
les-Nancy Cedex 



' (2) Laboratoire de Probabilites et Modeles Aleatoires, Universites Paris VI et VII - 4, Place Jussieu 



Case 188 - F-75252 Paris Cedex 05. 
(3) Institut Universitaire de France. 



In homage to Professors E. Csaki and P. Revesz. 



> 

(N 

o 

Abstract. Results of penalization of a one-dimensional Brownian motion (Xt), by its one-sided 
maximum (St — sup X^), which were recently obtained by the authors are improved with the 

0<u<t 

*0 ' consideration-in the present paper- of the asymptotic behaviour of the likewise penalized Brownian 

■ bridges of length as t — s- cx), or penalizations by functions of {St, Xt), and also the study of the speed 

i-Q ' of convergence, as t — > 00, of the penalized distributions at time t. 

> 

• rH , Key words and phrases : penalization, one-sided maximum, long Brownian bridges, local time, 

/\ ' Pitman's theorem 

^ ■ AMS 2000 subject classifications : 60 B 10, 60 G 17, 60 G 40, 60 G 44, 60 J 25, 60 J 35, 60 J 55, 

60 J 60, 60 J 65. 



1 Introduction 

1.1 Let {n = C{R+,R), {Xt)t>o, iTt )t>o) be the canonical space with (Xt) the process of coordinates 
: Xtiijj) = uj{t);t > 0, {J^t)t>Q the canonical filtration associated with {Xt). We write J-qo for the 
(j-algebra generated by [J .?^t . Let Pq be the Wiener measure defined on the canonical space such that 
t>o 

Pa{Xo = 0) = 1. 

In this paper, as well as in the previous ones f|14|. |16| . |15|). we consider perturbations of Brownian 
motion with certain processes {Ft)t>o, which we call weight-processes; precisely, let {Ft)t>a be an 
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(jF4)-adaptcd, non negative process, such that < Eo{Ft) < oo, for any t>0, and Qq^ the probabiHty 
measure (p.m.) defined on {fl, Tt) as foUows : 





Throughout the paper, [St) stands for the one-sided maximum of {Xt) : St '■— max X„, t > 0. 



Eo[Mu] = 1. Thus by Scheffe's lemma (see, e.g. 0, Chap. V, T21) M^*^ converges in L^Pq) towards 
M„, which explains why ()1.2|l holds without any restriction on r„ G Tu- 

1.2 In a series of papers (Jlli QH] and PO]) we have considered some classes of examples involving 
respectively for our weight-process {Ft) a function of : 



Jo 

• the unilateral maximum St] we have also treated the two-dimensional process {St, t). 

• {L^;t> 0) the local time at of {Xt)t>o. 

• The triple {{St, It, Lf);t > 0), where {It) denotes the one-sided minimum : It — ~ min Xu- 

0<u<t 

• {Dt', t > 0) the number of down-crossings of X from level b to level a. 

In this paper we only consider the case : Ft — f{Xt, St), where / ; M x In particular if 

Ft = ip{St), where ip : R+ i-^ R+ defines a probability density, i.e. 



0<M<t 



In fact, in our study, the following situation always occurs : let 






(1.3) 



our starting point is the following main result in |15j : 



Theorem 1.1 Let (p : M+ i-^ M+ satisfying fl.Sp and ^{y) 




1. For every u > 0, and in Tu, the quantity : 




(1.4) 



exists; hence, Qq may be extended as a p.m. on {Q,J^oo)- 
2. It is equal to EqII-t^M!^], where (M^)„>o is the martingale : 



m:^ = ^{Su){Su - Xu) + 1 - ^Su); u>0. 



(1.5) 



(These (Pqj {J'u)\martingales have been introduced in ^]). 
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3. The probability Qq may be disintegrated as follows : 

(a) under Qq, Sac is finite a.s., and admits if as a probability density; 

(b) Qq (S'oo G dy) a.e., conditionally on Soc — y, the law of (Xt), under is equal to Qq^"*, 
where, for any y > 0, the p.m. Q^^^ on the canonical space is defined as follows : 

i. {Xt;t < Ty) is a Brownian motion started at 0, and considered up to Ty, its first 
hitting time ofy, 

ii. the process (XTy+tlt > 0) is a "three dimensional Bessel process below y", namely : 

(y — Xxy+t t > 0) is a three dimensional Bessel process started at 0. 
Hi. the processes {Xt',t < Ty) and (Xxy+ut > 0) are independent. 

(c) Consequently : 

Q^(r|5oo =2/) :=Q[,"^(r), /or any re ^oo, (1.6) 



Qti-)^ Q^o'\-)^iy)dy. (1.7) 



In the present paper, we develop a number of variants of this Theorem 11.11 by presenting either 
extensions or some new proofs of this theorem. Here are these variants, together with the organization 
of our paper. 

In Section 2, we give, in particular, another proof of Theorem ll.il which originates from the following 
considerations : the main step in |15j consisted in studying the asymptotics of E[ip{St)\J-s], for fixed 
s, as i — > oo. In Section 2 here, we proceed in a dual manner by studying the asymptotics of 

Q^y}{T^,):^P{T^\St^y), (1.8) 
as i — > oo, where u > and r„ e J-'u are fixed. 

Theorem 1.2 Let y > 0, u > and r„ e Tu- 

1. As t — > oo, (5g^j(r„) converges towards the probability QI]^\Tu), where Qg*''' is the probability 
introduced in Theorem M.lX 3. 

(v) 

2. Moreover, Qq satisfies : 

Ql}'\r^) = e'y"^^^^Eo[lrAy-Xu)\Su^y]+Eo[lrJ{s^<y}]. (1.9) 

In Section 131 we strengthen the result obtained in Section [3 in that we consider the existence of the 
limits, as i — !■ oo, of : 

Eo[lrMSt)\Xt ^ a] 
Eo[^{St)\Xt = a] 

and, in the spirit of the preceding Section |21 (or Theorem ll.2ll : 

OS_f (r„) := Po{Tu\Xt = a,St^ y), (1.11) 
where u > 0, e y > a+. 

The title of the present paper originates from this central Section |31 The results are the following : 
• concerning (|l.ll|l . we obtain : 
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Theorem 1.3 1. For any u > and r„ e J-u, 

lim Q^f (r„) QS^^(r«), (1.12) 

t — *oo ' 

exists. 

2. The p.m. Qq'^ may be expressed as a convex combination of the laws q\^\ z e R+ ; 

(2y - a)Ql^\-) = [y - a)Q^^\-) + f dzQ['\-). (1.13) 

Jo 

Remark 1.4 1. Recall that q\^\Soo = y) = I. Since Qq'^ satisfies we deduce : 

2. As we started with the Brownian bridge, we might have expected that, under the limiting 
p.m., some constraint involving the position of the process at infinity would hold. This 
is not the case, indeed, the parameter a only appears in the coefficients of the convex 
combination in ^.L^) and Qo^''( lim Xf = — oo) = 1. 

3. Identity H.LS]) implies that (a, y) i—s- Qq'^ is continuous. 

4. We may recover Q^^^ from ((3Q'^;y+ < a) since Qq^^ — — (yQo'^)- 

cLy 

5. Let/d^^y thep.m. onR+ : fi°-^y(dz) = SJdz)^—^ — lro„i(z)dz. The relation TTW 

2y — a 2y — a 

admits the following probabilistic interpretation : first, z is chosen at random following 
//°'^; secondly, the dynamics of (Xt) is given by Qh '- 

6. From Levy's theorem, under Pq, (^{St — Xt,St',t > O) and (^{\Xt\, Lf;t > O) have the same 
distribution. Let Qq^'' be the unique p.m. on (fl, a{\Xt\,t > 0)) satisfying : 

Q^^\t^) ^ e-y'/^^^E„[lrjX^\ \lI = y] + i?o[lr„ l{LS<y}], (1-14) 
for any u > and € cr(|Xt|, t < u). 

In a forthcoming paper jlSf it is proved that the analog of 1^1. and ]1.13\) is : 

lim Po(r„ \Xt\ =a,L\^y) = ^Q(^)(r„) + ^ \\^^\v^)dz, (1.15) 
t-00 a + y a + y Jf^ 

with r„ any event in a{\Xt\,t < u), and an adequate extension of this result with \Xs\ 
being replaced by a Bessel process with dimension d < 2 is obtained. 

• As for (|1.1U|) . we obtain : 

Theorem 1.5 Let ip : M+ 1-^ IR+ such that : 

[1^ x)tf{x)dx < 00. (1.16) 

1. For any u > 0, S J^u o-nd a S R, we have : 

QS-(r.) lim M^rMSt)\X, = a] 



exists. 
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2. The p.m. Qq'"^ may be expressed in terms of either of the two families {Qq'^jU > 0) and 
Qo^^(-) = roc,. \ , r{2y-a)^{y)Ql^^{-)dv (1.18) 



+ 

oo 



{y-a)^{y)Q'^^\-)dy 
{\--^{zy{a+)))Q^^\-)d7]. (1.19) 



We would like to generalize Theorem 11.51 by replacing the weight-process ((^(S't)) with (^f{Xt, St)) , 
where / : M x M+ R+ is Borel. 

Theorem 1.6 To f :RxR+^ IR+ such that : 

7:=fdaf {2y-a)f(a,y)dy<^ (1.20) 

we associate f* — 1/ f, and : 

^(2/) = r da /(a,r/)dry+ / f{a,y){y-a)da. (1.21) 



1. For every u > 0, and r„ in Tu, 

y -Eo[lr„/(^t,S't)] 

where Qq is the p.m. introduced in Theorem associated with the (Pqi (-^t)) martinyale 
«)• 

2. Moreover the following relations hold : 

Mf ^f* f da f {2y ~ a)f{a + Xt,StV{y + Xt))dy, (1.23) 



Ql[.)^f* da [2y-a)f{a,y)Ql'y{-)dy, (1.24) 

where the p.m. Qq'^ is defined in Theorem M.'A 

Theorem 11.61 led us to go further and to enquire what happens if / : K x i-^ 1R+ does not satisfy 
p.20|l . Rather than trying to give a complete answer, we shall restrict ourselves to functions / of 
exponential type : 

/(a, y) = e^y+^\ y > a+,X, /i e M. (1.25) 

It is easy to check (see Section EJ that, if / is given by (|1.25|l . then : / < cx) iff /i > and A + /i < 0. 
Then in this case Theorem 1 1 . fil applies . 

We claim that for any A, /i G R a penalization principle holds and we are able to describe the limiting 
p.m. Before stating this result in Theorem II . 71 below, let us introduce the three disjoint sets : 

i?i = {(A,Ai) e K X M; A + /i < 0,^ > 0}, (1.26) 
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i?2 = {(A,/i) e R X M; A + 2/i>0,A + /i>0}, 



(1.27) 



i?3 = {(A,/i) e R X M; A + 2/i < 0,/x < 0}. 
See the figure below. 
Theorem 1.7 Let A, e R. 

i. -Fbr every u>0, and r„ m !Fu, 



(1.28) 



(1.29) 



exists and is equal to i?o [lr„-^^''^] , with {M^'^) a positive ((^■u),-Po) martingale, such that 
Mq''^ = 1, which is given by 



f -(A + M)e(^+'')^"(5„-X„)+e(^+'^)^" 

{(A+/i)X„-(A+/i)^u/2} 



i/(A,/i) e i?2, 



(1.30) 

2. Consequently, r„(e J^u) -E'o [ir^-Af^'"'*'] induces a p.m. on (il,JFoo)- 

Remark 1.8 1. We have already observed that if f is defined by then / < oo iff ^ > 

and A + /i < 0. Thus, in this case, Theorem \1.6l imvlies that {M^' ) is a martingale of the type 
{Mf) where ip is given by J^l.21]) . An easy calculation yields : ^{y) = — (A + ^)e^'^"'"'^-'^, y > 0, 
and : 

Mt^ = Mf = -(A + A*)e(^+'')^'(5t - Xt) + e^^+'^^^S t > 0. 

2. In the third case (i.e. (A,/i) S R3), the martingale belongs to the family of Kennedy martingales. 
These martingales were used in ^ and play a central role in [ISj/. Let us briefly recall the 
definition of these processes. 

To : M i-^ [0, oo[, a Borel function satisfying : 

'ip{z)e~^'dz < 00, VxeM. (1.31) 
we associate the function $ : M i-^- R ; 



/>oo 

$(y) = l-e^y / V(-z)e"^^dz, y e M. 
Let tp be the derivative of^; then, ip{y) :— $'(?/) = i'iy) — Ae^^ / ^{z)e^''^^dz, and 



(1.32) 



:= {V.(g0 '"^^^^^^~^^^^ +e^^- |%(z)e-^^dz}e-^^*/^ (1.33) 

is a positive (^{^t), Pq^ -martingale. 

3. Let Qq'^ be the p.m. defined in point 2. of Theorem \l.T[ and Pq be the law of Brownian motion 
with drift S, starting at 0. Using Theorem 3.9 of ]L'J^ . we may reformulate J^1.3(J\) as follows : 



P 





A + 2/i 
2fi 



if{\lj) G Ri, 
if{\,n) e i?2, 

■P^ if{\y)GR:i 



(1.34) 



where fsiv) = Se , S > 0,y > 0. 
The proof of Theorem 1 1.71 is postponed to Sectional 

Let (fi as in Theorem ll.ll We are now interested in the rate of convergence of Qo t (^u ) : = — °^ 

towards Qq^Tu), as t — s- cx), for any G J'u- More generaUy, under additional assumptions, we are 
able to determine the asymptotic development of Qq j(r„) in powers of l/t, t — > 00. 

Theorem 1.9 Let ip : M-|_ i— > satisfying ^.3\) and the related function as in Theorem M.lX We 

suppose that there exists an integer n>\ such that : 



y^''+^ip{y)dy < 00. 



(1.35) 
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1. There exists Q, family of functions {Fj^^Ki<n 7 • ^ ^ M_|_ x M_[_ 1 — > such that 

(a) {Ff {Xt, St,t),t > 0) is a (^{!Ft), Pq) -martingale, for any I <i<n, 
(h) If i = 1, we have : 

Ff{XuSt,t) = -Fi[{XuSt) + (t + y\{y)dy)Mt, (1.36) 

where 







Ff{a,y) = ^{y) ^y \ I ^{v){v - afdv, t,y>0,xeR. (1.37) 



3! 2,, 
2. The following asymptotic development holds : 

^^i|j^ = g-(rO+X:^i?o[lr„^;-(X„,5„,.)]+0(^), i^oo. (1.38) 

Theorem 1 1 . 91 will be proved in Sectional We also give a complement of Theorem 1 1.91 fTheorem 16.31 in 
SectionEJ), taking as weight-process : ip{St)e^''^*^^'\ with A > 0. 

2 Proof of Theorem II. 2L and of Theorem II. IL as a consequence 

Our proof of Theorem 1 1.21 is based on the following Lemma. 
Lemma 2.1 Let y > 0, u > 0, r„ G JF„ and t > u. Then : 

Po{Tu\St^y) = '^^^EAlTM-u,y-X^)\Su = y 



pstiy) 

1 



-En 



lr„l{S„<y}PSt-„(y-^n) • (2.1 



pstiy) 

where ps^ denotes the density function of Sr, for a fixed r > : 

PsA^) = \f^e-^'/'^^,^o}, (2.2) 



h(r,z)=P{Sr<z)= I ps,Xx)dx=J—l e-^'/2r^^^ r,z>0. (2.3) 



and 



'0 V irr JO 

Proof of Lemma 12. lI Let u > 0, Tu E Tu and t > u. It is clear that : 

St = Su\/(Xu+ max {Xu+y-X^}). (2.4) 

0<v<t—u 

Consequently if g : [0, +oo[— > [0, +00] is Borel, applying the Markov property at time u leads to : 
where 

g{x,y) ^ Eo[g{yy {x + St^u})], x+<y. 

Then we easily obtain : 

5(2;,?;) = g{y)Po{St-u < y - x) + Eo[g{x + St-u)l{St-^>v-x}\ 



g{y)h{t- u,y - x) + / g{z)pst_^iz - x)li^yyydz. 







This proves H2.1|l . 
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Proof of Theorem 11.21 The two estimates : 

/~2~ r2~ 

psAy)-\ -^, Ht,y)-y\ -:^ i^oo(y>o), (2.5) 

V TTt \ nt 

directly imply that Q^} converges weakly to Q'^\ as t — s- cx), where : 

Q^^^(r,) = psAv)Eo [irAy - Xu)\Su =y]+ Eo[lrJ{s^<y}l Vw > and r„ e J^u- 

nOO 

Thanks to (fO|l . 1 - $(y) = / ip{z)dz, y>0, then : 

•'y 







iy) _ n^?/) n'^/ 



lr„((5„-X„)^(5„) + l-$(5„)) 



Consequently (|1.7(l implies Qq = , Qo{Soo & dy) a.e. 

■ 

Remark 2.2 is interesting to point out that il permits to prove that y i— > Qq*''* *s continuous, as 
the space of p.m. 's on the canonical space is endowed with the topology of weak convergence. 

As indicated in Section ^ we now show how to prove Theorem ll.il i.e. how to recover 1)1. 4|l from 
Theorem O and ifL?)! . 

Indeed, let ip be as in Theorem ll.il We have : 

E,[lrMSt)\ _ Q^^l{Tu)^{y)psAy)dy 
Ea[^{St)\ ip{y)ps^{y)dy 

where u > 0, r„ G J-^ and t > u. 

Using Theorem ^21 l|2.5(l and the dominated convergence theorem, we get : 



t^oo Ea[ip{St)\ Jo (p{y)dy 







3 Penalization for long Brownian bridges perturbed by their 
one-sided maximum 

We keep the notation given in Sections ^ and |2 

Let Qq j be the law of the Brownian bridge started at 0, ending at x, with length t : 

QltiTt) Eo[rt\Xt = x]. Ft G (3.1) 

(note the difference with the p.m. qI^^ defined in p.8|l l. 

Here, we make a simple remark concerning the weak limit of Qq j as t — > oo. 

Indeed, we observe that this limit is equal to the Wiener measure Pq : if u > and r„ g J-^ then : 

lim QS^,(r„)=Po(r„), (3.2) 

s s 

which follows from the fact that (X^, < s < u) under Qq ^ , may be represented as [Bg — -Bt + -x, , < 
s < u), where {Bg) is a Brownian motion started at 0. 

The asymptotic study of long Brownian bridges penalized by their one-sided maximum is more in- 
volved; in fact, we determine the weak limit Qg'*' of Qg'f as t — s- cx), where Qq'^ is the p.m. defined in 
p.ll|l . The result is stated in Theorem 1 1.31 

We proceed as for the proof of Theorem 11.21 We need to generalize Lemma 12.11 taking conditional 
expectations with respect to {St,Xt). 
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Lemma 3.1 Let a € M, y > 0+, u > 0, r„ G J-'u and t > u. Then 

PS^ {y) 



Po{Tu\Xt=a,St^y) 



PXt,Stia,y) 



Eq 



lr„( / PXt-^,St-^{a- Xu,0^{^<y^x^}dQ\Su = y 



1 



-En 



lr„ l{s„<iy}PXt_„,St_„ (a - Xu, y - Xu) 



PXt,St{a,y) 

where px^,s^ denotes the density function of {X^, Sy),v > 



Px.,sAa,y) - \[^{2y-a)e-^'y-''^"/^^ 



{y>a+}' 



Proof. We imitate the proof of Lemma [2. II 

Let g : [0, +cx)[x [0, +00 [0, +00] be a Borel function. Thanks to (|2.4|l . we have : 



where 
It follows 
with : 

Since : 
and 



52 (a, y) = 

then follows immediately. 



Eo[lT^g{XuSt)] = Eo[1tJ{Xu,Su)], 

g{a, y) = Eq [g{a + Xt-u, 2/ V {a + St-u})] ■. a+ <y. 
9{a,y) ^ gi{a,y) + g2{a,y), 

gi{a, y) = Eq [g{a + Xt^u, y)l{St_„<y-a}] , 
52(0,2/) = £'o[g(a + X(_„,a + S't_„)l{5j_„>y_a}]- 

gi{a,y) = / g{b,y)pxt-^,StSb- a,i)i{i<.y-a}dhd$„ 

JBxR+ 

9{b, z)pxt_^,St-^ {b-a,z- a)l{^>y}d6dz, 



(3.3) 



(3.4) 



Proof of Theorem [Ql Let u > and r„ e J^^. 
1) Using and 



PXt,Stia,y) ^ \j ^i2y - a), t ^ 00, y>a+, 



we get : 



limQ-(r„)= 



1 



■y-x^ 

(a-X„)+ ^ 



.( 



(3.5) 



2y-a 

The first integral in the right-hand side of the previous identity may be computed, which yields 



To'^iru) - PsAy)^^E, [lr„ {y ~^u)\Su^y] + 



1 



En 



lr„l{s„<j/}(2y- a - X„) 
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2) The relations lO and imply : 

{2y - a)QS'''(r«) = {y - a){Q[,^^(r„) - Eo [lr„l{5„<y}] } + Eo \lrj{s^<y}{2y - a - X„) 



(y - a)Q^o^ (r„) + Eo lr„ l{s„<y} {y - 



Applying H1.7|l with ipy = ^l[o,y], we get : 



y 



Qi'\Tu)dz ^ yEo 







But ^y(z) :~ / Lpy{r)dr — , consequently 

"'0 



y 



This proves 



We now consider the Brownian bridge penalized by a function of its one-sided maximum (cf Theorem 
ESI). 

Proof of Theorem 11.51 

Theorem II .51 is a direct consequence of Theorem II .31 
Let u > and r„ G J-u and ip as in Theorem ll.5l 
The relations H2.2|l and H3.4(l imply : 

2 2y(y-a) 

P{St e dy\Xt = a) = -{2y - a)e * l{y>a+}dy. 



Consequently : 



2 r 



Eo[lrMSt)\Xt = a] = - I PoiVulXt = a, St = yMy){2y ~ a)e-"-^ dy. 
I Jo 

Hence : 

Eo[lrMSt)\Xt = a\ _ /;+ Po(r„|Xt ^ a, St = yMy){2y - a)e-"-^ dy 
Eo[v^{St)\Xt = a] j;^ip{y){2y-a)e-'^dy 
Applying Theorem p. 3(1 and the dominated convergence theorem we get : 

Qa,^(^^) ^ a2y-aMy)Ql^nT^)dy 
° " {'^y - a,)Lp(y)dy 

This proves p.l8|l . As for p.l9|l . it is a direct consequence of (|1.13|) . 

4 Proof of Theorem 11.61 

1) Point 1. of Theorem II. 61 is a direct consequence of Lemma l3. II and Theorem 1 1.31 
Taking the conditional expectation with respect to {Xt, St), we obtain : 

EQ[lr^f{Xt,St)] _ lRdaJ^Qo:^{Tu)pxt,Stia,y)fia,y)dy 
Eo[f{Xt,St)] J^daJ^px,^St{a,y)f{a,y)dy 



(4.1) 
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where pxt,St denotes the density function of {Xt, St), as given by (|3.4|l . 

Since / satisfies (ll.2()|l . we may apply the dominated convergence theorem; then taking the hmit 
i — > oo, Theorem 1 1.31 and l|3.5|l imply : 

t^OO EQ[f{Xt,St)\ 

where : 



Qo(r„) da {2y - a)f{a, 2/)g[;'^(r„)dy. 

2) We need to identify Qo(')- 

Let ip be the function defined by (|1.21() and $(y) = / ip{z)dz, y > 0. 

Jo 

It is clear that f > 0, then applying Fubini's theorem, we easily obtain : 
'^iy)^f* / f{a,v)^{v>y^a+}{v/\y+iv~a)l[^<y})dadr] 

'-jRxR+ 

In particular, taking the limit y — )■ oo, we get : lim $(?/) = 1. This means that ip satisfies (|1.3|) . 

y—>oo 

Moreover : 

l-*(y)=/* / f{a,v)'^{rj>ywa+}{'^V-a--y))dadr] 

'-jRxR+ 

Applying identity H1.13|l . we get : 

Qo(-) - r daU {{y ^ a)Q^,y\-) + Qi^\-)dr^} f{a,y)dy 



f* a)f{a,ri)l{r,>a+} + fia,y)dy\Q''a\-)dadr]\ 



(4.2) 



(4.3) 



»;Va+ 



Property H1.7|l imphes : Qo — Qt- 
3) It remains to prove p.23|l . 

Let Mt be the process defined as the right-hand side of H1.23|l : 

Mt = r £db J^^ {2y ^ b)f{b + Xt, StV {y + Xt))dy. 

Setting : a — b + Xt and rj — y + Xt, we obtain : 

Mt = r J^Ma)da, 

where : 

V't(a) = y {2f]- Xt~ a)f{a, St V v)'^{^>a,,^>Xt}dv■ 

We have : 

V't(a) = l{St>a}f{a,St) 1 {2ri- Xt- a)dri+ I {2ri~ Xt~ a)f{a,'q)l{r^ystya}d-q 

JaVXt JR 

= l{St>a}f{a,St){St - aV Xt){{St + aV Xt - Xt - a) + / {2r] - Xt - a)f{a,r])l{ri>StVa}dr] 



'^{S,>a}f{a,St){St - Xt){{St - a) + / {27] - Xt - a) f {a, 'n)l{,jyStV a} drj 
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Since Mf = (5* - Xt)ip{St) + 1 - <^{St), using (tmi) and gSJ, we get : 



where : 

ipt{a) ^ (St-Xt) / fia,r])lirj>StVa+}dr]+f{a,St)iSt-a)l[a<St} +1 fia,v){'^V-a-St)l{,j>St-va+}dr]. 
It is now clear that tptia) = '>Pt{a)- Consequently — Alt 



Remark 4.1 1. Let f be of the type : f{a,y) — fi{a)l[o.A]{y), where A > and fi :] — oo, A] i-^ M+ 

/A i-A 
(l + |a|)/i(a)da < oo. Then it is easy to check that f ~ A I [A — a)fi{a)da < oo, 
-oo J —oo 

and ip{y) = ■jl[o,A]{y)- 

2. It is possible to recover the identity fl.l!^} from Theorem \L6\ 

Let f as in Theorem \L6\ Using the first part of the proof of Theorem M.hX ji.7| ) and J^1.21\) . we 



have 



da 



f* da {2y-a)f{a,y)Q^,'y{-)dy = Q^{-) = / v{y)Qi^\-)dy, 



{2y-a)f{aMy{-)dy= I Q^^\-)dy 



da 



yVa+ 



f{a,r])dri+f{a,y){y~a)l{a<y} } 



Using Fubini's theorem, we easily obtain : 

da I \2y-a)f{a,y)Ql^y{-)dy= I da I f{a,y) y-a+ I Q'o'>{-)dTj dy, (4.4) 



for any non-negative function f , satisfying J^1.2(]\) . but an easy application of Beppo-Levi theorem 
shows that i4-4[ l holds even without \1.2L\) being satisfied. 

5 Penalization with e^^t+nXt 

1) In this section we focus on penalizations with weight-processes f{Xt,St), where the function / : 
R X K+ ^ R+ belongs to the family {fxy, fx,f,{a,y) = e^^ +^°, A ,^ g K}. 
First, let us determine under which condition /a,^ satisfies ()1.2()|l . 
Using the Fubini theorem, we have : 



oo py 

e^^dy / {2y - a)e'"'da. 

J -oo 



Consequently if /i < then /_)^_^ = oo. 

Suppose that /i > 0. The integral with respect to da may be computed, this yields to : 

M Jo 

As a result : 

f x.p, < oo iff ^ > and X + ^ < 0. 
Consequently if this condition holds, then Theorem II . 61 applies . 

2) In our approach it is convenient to introduce Pq , the law of Brownian motion with drift /i, starting 
at 0, and Pq^' the law of a three dimensional Bessel process started at 0. 
Recall Pitman's theorem(jH|, 0]) : 



(5.1) 
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1. under Pq, the process {{2St - Xt,St), i > 0) is distributed as {{Xt,Jt), t > O) under P^^\ 
where Jt = inf X„. 



2. let (TZt) be the natural filtration associated with the process {Rt = 2St-Xt, t > 0), then 



Eo[f{St)\nt]^^ r I{u)du 
tit Jo 



(5.2) 



for any Borel function / 



Pitman's theorem has been extended to the case of Brownian motion with drift. From P| (see also 
0), we know that (25"* - Xt,t>0) is a diffusion with generator : 



2rf^+A^coth(Mx)-. 



(5.3) 



Proof of Theorem 11.71 

Let u be a fixed positive real number, G J'm and define : 

A(r„,i) :=ii;o[lr„e^^'+''^']. 

1) First suppose that {X, ^) belongs to Ri. We have already proved that if /i, > then Theorem 11.71 
is a direct consequence of Theorem ll.61 If /i = and X + fj, = X < 0, then Theorem 1 1 . 71 follows from 
Theorem 11.11 

2) We now investigate the last case : (A, fi) £ R^. 

If II = 0, then A < and Theorem II. 71 is a direct consequence of Theorem ll.il 
We suppose, in the sequel < 0. 
We write A{Tu,t) as follows : 

A(r„,i) = e'^'*/2i?„^[lr„e^^']. 
Applying the Markov property at time u, we get : 



A{Tu,t) = e^"'^^E^[lrMXu, Su,t- u)], 



(5.4) 



where 



h{a, y, r) = i?/,' [eMs/v(a+5.))] ^ y>a+,r>0. 



Since /i < 0, it is well-known that, under Pq, Xt — > — oo as t ^ oo, < oo and Pq{Soo > x) = 
e2^"^,x > 0. 
Consequently : 

/•oo 

lim h{a, y,r)=I := -2^ / e^(^''(''+^»e^''"dz. 
Obviously the above integral may be computed explicitly : 



Moreover, it is easy to check 



y—a poo 

e^^'dz + e^" / e^^+^f'^'dz 

Jy~a 



2fi 



A + 2^ 



X 



X + 2n 



cosh [ii{y — a)) sinh (/i(y — a)) 



A 



2/X 



A-I-2/Z 



Finally 



lim ft,(a, ?/, r) 



2/^ 



A + 2/i 



cosh (/i(2/ — a)) sinh (/x(y — a)) 
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Coining back to H5.4I) . we obtain : 
iini ^ — - — , „ T = lim 



= [ip^^e(^+^)^"-^^" { cosh - X,)) - ^ sinh - } 

= i?o[lr„M„^'^]. 

3) Let (A,/i) be an element of i?2- 

a) Let us start with the additional assumption : A + 2/i > 0. Since 
we have : 

A(r„, = e(A+M)^t/2£;A+M ^^^^^gA(5.-X,)] (5,5) 

Recall Theorem 1.1 in |S] : under Pj^"'''^, the process {St — Xt]t > 0) is distributed as (|yt|,t > 0), 
where (It) is the so-called bang-bang process with parameter X + fj., i.e. the diffusion with infinitesimal 
generator : 

Applying the Markov property at time u in (|5.5|l , yields to : 

A(r„,0 = e(^+^)^*/^£;o'+^[lr,E5„-x„{e'l^-"l}]> (5-7) 

where P^; denotes a p.m. under which (Yt) is the diffusion process with generator H5.6|l starting at x. 
Under P^, {Yt) is a recurrent diffusion and ^{dx) := (A + /i)e^^^'^+''^l^l(ia; is its invariant p.m. 
Consequently, for any x e R, 



lim Eje^l^-I] =(A + /i) / e^l^le-^l^+^'^l^ldy = 



2{X + fi) 



Since A -I- 2/x > and (A, fi) (z R2, then the integral in the right-hand side is finite and does not depend 
on x. As a result : 



t — ^CJO 



Eo[lr^e^f^^^ ^ i;o^+^[lr„Es„^x.{e^l^--"l}] 
^„[e/^x,+ASt] t^ Eo[eA|^*l] 



Let us deal with the case A -|- 2^ = 0, n ^ 0. Applying (|5.5() . we have : 

The result follows from Pitman's theorem (for Brownian motion with drift), 
b) It remains to study the case : A -I- 2/i = and A > 0. 

i) To begin with, we modify A(r„, i), A and fi being for now two real numbers, without restriction. 
Applying the Markov property at time u leads to : 

A{Tu,t) = Eo[lr^g{Xu,Su,t-u)], (5.8) 

where 

g{a, y, r) = Eo [e^{2'V('»+S-)}+*'('^+-^-)] , y>a+,r>0. 
Obviously, g{a,y,r) may be decomposed as follows : 

g{a, y, r) = e^^+''"gi(a, y, r) + eS^+^^'' g2{a, y, r), (5.9) 
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with : 

5i(a,2;,r) =i;o[e^^'-l{s.<j;-a}], 52(0, r) = [e^'^'-+''^'- l{s^>,_,}] . (5.10) 
Using Pitman's theorem recaUed at the beginning of this section, we get : 



Jo 



= E^^^[e~^^n^^^^^_,}^ e<^'+^^^^dz]. (5.12) 



Jy-a 

As a resuh, if ^ 7^ : 
Recah that : 



P^'\Xr e dz) = ^l^z'e-''^'n[,^o}dz. (5.13) 



Then 



bettmg = ^— , we get : 

V TTr J^,^ 

It turns out that if /i < : 

5i(a,y,r) - (1 -e2'^(j^-'^))e'^''-/2, r ^ 00. (5.14) 
ii) We suppose now that A = — 2/x > 0. 

We need to determine the asymptotic behaviour of 52(0, y, r) as r 00. 
Using (|5.12|) and (|5.13() we have : 

92ia,y,r) = Ey[e ^ '^l{x,>a-a} y J 
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— e''''-/2 / {b- n^){V^b^ fir-y + a)e-'''/^db. 
As a result : 

52(0,2;,?') - 2^Ve'''''/^ (5.15) 
Due to lEHll, (ESI), f^T^ . 1^1^ and A = -2/^, we get : 
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In particular : 

A{n, t) = Eo [e-^^*+^^'] ^ 2fihe^"'/^, t ^ oo. 

Finally : 



Remark 5.1 Here is another proof of Theorem \l.T\ : keeping the notations introduced in point 3) b ) 
i) of the proof above, recall that we have proved : 

£;o[lr„e^^*+^^'] = Eo[lr^Xe^''-+^^-9i{Xu.Su,t- u) + e(^+^)^"g2(^«, i ~ u)}], 

where the functions 51 (a, y, r) and 32(0, y, f) o,fe given by f5.1U\} or 1^5. and ^5.1^) . In our proof of 
Theorem \l .T\ we only need the asymptotics of gi(a, y, r) as r ^ 00, i = 1,2 in the case = 0, A > 0. 

It is actually possible to determine the asymptotics of the previous quantities in any case. However 
tedious calculations are needed, this explains why we have given a short and direct proof of Theorem 

We now give a direct interpretation of Theorem 1 1.71 in terms of the three dimensional Bessel process 
and its post-minimum. 

Proposition 5.2 Let X, fi E M.. 

1. For every u > 0, and in Tu, 

lim 4'| [lr.^"^'+^'^'] ^(3) [i^M.A] 

where (M^' ) is the positive ((-^^i), ^o'^'') martingale : 

'1 if X + ^ < and^<0, 



m: = { 



j-(A+M)^u/2> sinh((A + M)X.) andX + u>0 

^^^^^^^ J z/A>U and A + /x>U, ^^^^^^ 



2 ,oSinhf/iX„) 
g-M«/2 ifX<Q andn>0, 



Note that Afo'^ = 1. 



2. The map : r.u(G J-^) ^ Eq^"' [ir^M^' ] induces a p.m. on (fl,J-ao). 

Proof. Proposition 15 . 21 is a direct consequence of Theorem 1 1 . 71 and Pitman's theorem. 
We have : 

where := {lu € n;uj £ T,;}, and u)t ■— sup — uj{t). 

0<M<t 

Applying our Theorem 1 1.71 we obtain : 

linr ^^^^^^ i==i?o[lr AC^'^+^I- 
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Since r„ e TZu then : 



We claim that 



( 1 ifA + /x<0 and fJ.<0, 



Eo[M-^''^+^''\TZu] = < 



A~{x+t^ru/2} sinh((A + /i)(25'„-X„)) 
{X + fi){2Su - Xu) 

^_^2„/2 sinh {^J.{2Su - Xu)) 
' fi{2Su - Xu) 



if A > and A + ^ > 0, 



if A < and ^ > 0, 



(5.18) 



Making again use of Pitman's theorem, it is immediate to obtain H5.17|l . 

As for (|5.18|) . we only prove the third case. The two other cases may be proved similarly. Note that 
(A + 2;U, -/i) e Ri (resp. R2) iff A + /i < and ^ < (resp. A > and A + ^ > 0). 
As for the third case, we have : (A + 2/i, — /i) e i?3 iff A < and /i < 0. 
Setting Ru := 2Su - Xu, then (fOHjl and (|^ imply : 



^-M,A+2,. ^ g{(A+M)S„-M^«/2} [cosh(/^(i?„ - Su)) 



^;o[M-''.^+2A'|7^„] = 



Ru 



^-i-^ sinh {^{Ru ~ Su))] , 



e^^+^^^y [ cosh {^l{Ru - y)) - sinh {^i{Ru - y))] dy 



1 



Ru 

_^2„/2sinh^^ 



-eM+^^'>y sinh {^l{Ru - y)) 



y=o 



fiRu 

This establishes the third case in (|5.17|l . using again Pitman's theorem. 
Remark 5.3 It seems natural to ask for : 

lim ^^JrJjX.^J.)] 
E^'^[f{XuJt)] 

for some suitable Borel f : IR+ x IR+. 

Using Pitman's theorem (see 1. in the proof of Frovosition TK^) . the above ratio is equal to 



(5.19) 



Eo[l^J[2St-XuSt)] 
Eo[f{2St-XuSt)] 



Consequently Theorem \l.b\ avvh 



les as soon as 



I 



da I {2y - a)f{2y - a,y)dy 



fib, y)l{b>y}dbdy < 00. 



(5.20) 



Suppose that this condition holds. Then 

El,'^[lrJ{Xt,Jt)] 
lim 7— 

E^'^lfiXuJt)] 



Ea[lfm], 
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with 

'Piy)^P I f{b,v)^{b>rj>v}dbdr]+ I f{b,y)db 



and p = 1/f. 

Proceeding as in the proof of Proposition \5.S\ we may prove : 

Eo[M^\nu]^l. (5.21) 

Finally the limit in iS.lfJp equals Plf\Tu)- In other words the penalization with f{Xt, Jt), f satisfying 
f5.2U\) does not generate a new p.m. 

As an end to this section, we would like to discuss the relationship between Theorem 11.71 and the 
results obtained in jS]. Recall that these authors have proved that 

.in, ^^li^. (5.22) 

exists where A,/i € M, Pq denotes the p.m. on canonical space which makes (Xt) a Brownian motion 
with drift jU, started at 0, and : 

At= e^^'ds, t > 0. 







As for our Theorem 1 1.71 it is proved in (2), that a phase transition phenomenon occurs : there exists 
three disjoint regions in M x R associated with three types of limit distributions in (|5.22(l . It is striking 
to note that these regions coincide with the domains Ri, i?2 and introduced in 11.26|) - (|1.28|) . 
We have actually no proof of this fact. Nevertheless if A > 0, we have a heuristic argument : 

Ei;[Ai^'] Eoie^^^A^/'] 

Roughly speaking, the Laplace theorem tells us that At — e^^'ds has the same behaviour as e^"^*, 

Jo 

see more precisely, the limit results in 2^ (formulae (61) and (62) p 181) and 0. Therefore replacing 
formally At by e^"^' , we get : 

i?orir„e'^^*A,^/'] i?o[lr„e'^^*+^^'l 

— ~ — t — > oo 

Eoie^^^^A^'] Eo[e^^*+^s,] ' 

6 Asymptotic development 

We first recall a penalization result obtained in (JS]), choosing as weight-process : ip{St)e'^'^^*~'^*\ 
where A > 0. 

Let us start with some notations. Let tp : ]R-|_ be a Borel function satisfying : 

oo 

^p{z)e-^'dz = 1. (6.1) 
To ■0 we associate the functions $ and (p : 

$(y) := l-e^y / ^p{z)e-~^'dz, y > 0, (6.2) 







ifiy) := <P'{y) = ^(y) ~ Ae^'^ / i;{z)e-^-dz y>0. (6.3) 



y 
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Then 



{^(g,) '"^^^^^*'^*^^ J%iz)e-'^dz}e-'''/' t>0, (6.4) 



is a ((J-'f),Po) positive, and continuous martingale. 

In this setting we have proved (see Theorem 3.9 in jlSp. 



Proposition 6.1 Let tp 



be a Borel Junction satisfying i)6'. Then 



hm 



£^0 



7/;(S't)e^('5t-^*) 



= i?o[lr„M„^ 



(6.5) 



/or any u > and r„ € 



Remark 6.2 1. /n 17.5) ^. we have determined the law of {Xt) under the new p.m. r„(G Tu) 
_Eo [Itu-M^^''^] . However, this result is not used in the sequel. 



2. If we take A = and ijj ~ (p, then i6.,''^) holds, 1^6.1}) corresponds to 1^1.,'^) and (M^ ''^) coin- 
cides with the martingale {Mf) defined by U.5\) . With these conventions, Provosition \6.1\ is an 
extension of points 1. and 2. of Theorem M.lX 

The aim of this section is to prove that, under suitable assumptions, we can obtain an asymptotic 
: ^ as i ^ oo. Note that Proposition 16. II gives the first term. 

^ ]R+ satisfying 1^6. 1]) . We suppose that there exists an integer n > 1 such 



expansion of t 



En 



Theorem 6.3 Let ip 

that : 



tp{v){l + V'^)dy < oo. 



(6.6) 



1. There exists a family of functions (-F'/''''')i<i<n; Pi"'^ ■ ^ ^ ^+ ^+ such that 

(a) [F^"'^ {Xt, St,t)^t > 0) is a {{!Ft), Pq) -martingale, for any 1 < i < n, 

(b) Ifi — 1, we have : 



F 



t^iXu Sut) = [Mr - M^^) . 

/>oo 

where c{X,ip) :— / iIj{x){1 — Xx)dx and 
Jo 

/•oo 

(Note that / ipi{y)dy = I). 
Jo 

2. The following asymptotic development as t —^ oo, holds : 



(6.7) 



(6.8) 



Eo[lrMSt)e 



\{St-Xt)] 



(St-Xt)] 



^Eo[lr^M^'^] 



Y^l.Eo[lr.Ft'rXu,S^,u)]+0{-^) 



t 



(6.9) 
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Note that the two asymptotic expansions H1.38|l and (|6.9|l are drasticaUy different, depending on 
whether A > or A = 0. We have already observed in Remark 16.21 that taking formally A = in H6.5(l 
gives H1.4|l . In other words the first term in H6.9|l (with A = 0) coincides with the first term in H1.38|l . 
However the expansion is expressed in terms of powers t^^'+^Z^) instead of . 

Proof of Theorems ITqI and l631 

1) Let us start with some common features concerning the two cases A > and A = 0, i.e. A > 0. We 

adopt the convention that ijj = (p if X ^ 0. 

Let M be a fixed positive real number, G J'm and 

A(A,r„,i) := Eo[lrMSt)e^^^'-'''^, 

where A > 0. 

Applying the Markov property at time u, we get : 

A(A, r„, t) = Eo [lr„g(A, X„, 5„, t-u)], (6.10) 

where 

g{X, a, y, r) [^(y V (a + 5,.))e^(?/^(-+^'-)— ^'-)] , r > 0, y > a+, a G R. 

We have : 

g(\, a,y,r)= ^{y)e^<^y-'^^ Eo [e-^^- l{s„<^„,}] + Eo [^(a + ^r)e^(^'-^'-) l{s,>,_a}] ■ 
Using Pitman's theorem, we get : 

9{X,a,y,r) = V'(y)e^'^~'^^4'^ [e-^('^'-^'-H{,,^<,_„}] + i^^^^ [V^a + J.)e^(^'-^'-)l{,,^>,_,}] 



p(3) 



Jo 



{V(y)e^(''^'^)e-2^n{,<,_,} + ^(a + z)e-^n{,>,_,}}dz 



= V(y)e-^'^"''^ / e~^^'h{X,z,r)dz+ / e'^'ipia + z)h{X, z,r)dz, (6.11) 

where : 



AX. 



/i(A,z,r)=43)[-^l{^^>,}]. 



Applying H5.13|l . we get 



h{X, z, r) = J / fee-C-^'-) - J —e^'-/^ / (A^f + i;)e-^ /^^v. (6.12) 



2) Suppose that A = 0. Therefore we replace in the sequel i; hy tp 
a) Then : 

7rr 

5(0, a, y, r) = W — 5(0, a, y, r), 
V Trr 

with : 

g{0,a,y,r) =ip{y) e^^'/^r^^ ^ / g-'^-'^^'/^r^^^)^^^ 

Jo 

Let us introduce : 

A.(a,y):^V^(y) ^^ \ +/ {v ~ a)'^ ^{v)dv , 
2i + l ./„ 
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(note that ^^(0,0) = / v'^^ip{v)dv; in particular Ao(0,0) = 1). 
Jo 

Using the series development of e^^ with 9 > 0, we get : 



g{Q, a, y,r)^Y. +0{^)- (6-13) 

i=o ^ ' ■ 

Moreover e i-> ^(0, a, y,l/e) is of class C°° on [0, 1/2] and : 
.d'g{0,a,y,l/e). 



\<h{^^{v){y-af'+^ + {v-af'^{v)dv). (6.14) 



Suppose that t ^ oo, then : 

" (—1)* 1 1 
g(0,a,y,t-M) ^ ,^0 ^ ^l^l ^ 

1=0 

" 1 1 

= ^j,Fi{a,v,u) + j^R{Q,a,y,u,t), (6.15) 

1=0 

where 1 1— > -R(0, a, u, t) is bounded, and i^i(a, y, it) may be written in the following form : 



F,{a,y,u) = ^a^J{u)Aj{a,y), (6.16) 

Q;ij (M) being some polynomial function, 
b) In particular : 

Fo{a,y,u)^^^^^Ao{a,y)=^{y){y-a)+j ^{v)dv = ^{y){y - a) + ^{y), (6.17) 

(note that docs not depend on u). 

To compute Fi(a, y, u) we need the first order term : 

/ 1 Ai(a, j/) \ / M\-i/2 
5(0,0,0,t) ^^/^ 1 Ai(0,0)^ + 

/In 



1q(0,0)(i 



2i Ao(0,0) 
Recall that ^o(0, 0) = 1, consequently : 

F,ia,y,u) ^ ^—i^A,iO,0)~j-^^+u) 

Ai{0,0) + u ^ Ai{a,y) 
= ^ Ao{a,y) 



v^ipiv)dv + u {y - af 1 ^2 / N , 

— ^ ^o(a, y) - viy) ^] 2 ' ~ '/'(wjt^w- 



c) We would like to obtain some estimates about the remainder term i?(0, a, y, u, i) in H6.15|l . as a 
function of (a, y). 



22 



1 e 

Taking t>2u + 2 and setting e = 1/t we have : e < 1/2 , eu < 1/2 , = e [0, 1] 

t — u 1 — ue 

Let 5i(0, a, y, e) := g(0, a, ?/, (1 — ue)/e), e e]0, l/(2u + 2)]. Then property (|6.14|) imphes : 



9%(0,a,y ,£), 



I <i^„(^{<^(y)(y-a)'^'+'+ / (i;-a)2V(i;)d«}), 0<z<n+l, (6.18) 



where, from now on, Kn denotes a generic constant, which only depends on u. 
Let us introduce g2{e) := g{0, 0, 0, 1/e), e e]0, l/(2u + 2)], then : 



v^''+^ip{v)dv, 0<i<n + l. 



Note that e < 1/2, consequently : 

/•OO 

52(e) > / e-"'/V(«)dw > 0. 
Jo 

Finally, taking into account H().18|l . (|6.19|l . H6.20|) and (|1.35f) we get 

/.g(0,a,y,l/£- w) 



(6.19) 



(6.20) 



.(= 



n+l 



< 



a£"+U 5(0,0,0,l/£) 

|i?(0,a,y,M,i)| < if„(^{(^(y)(y 



5] {¥'(y)(y - ar^+' a)2^^(z;)d«}) 

{v-af^ip{v)dvjj (6.21) 



n+l 



d) Using (|OHl and (|?rTH|l . we have 
i;o[lr„<^(^t)] 



i?ob(^t)] 



So 



Ir 



5(0,0,0,i) ^ 
"1 1 



Inequality H6.21|l implies p.38|l and point 1. b) of Theorem 1 1.91 

e) It remains to prove that for any z G {1, ■ • ■ , n}, (^F^{Xt, St, t), f > O) is a {{J^t), Po) martingale. 

From inn, we deduce that E[\F^ {Xt, St,t)\] < 00. 

Let Tu G J'u and u < v. The asymptotic development p. 38(1 implies that : 



lim J«£^ 



Since r„ G then : 

Eo [lr„Ff (X„, Su,u)] = Eo [lr„Ff (X„ ^„ v)] . 
Consequently (^Ff {Xt, St,t),t > O) is a ((jFt),Po) martingale. 

Reasoning by induction, we easily prove that ({Ff{Xt, St,t),t > 0)) is a ((.Ft),Po) martingale, for 
any 1 < i < n. 

3) We now suppose A > 0. We proceed as previously; the relation H6.12|l impHes : 

MA, z, r) Me^'^f' \XV2^ + ^g-^^^'/^ - A<i>o(^) 
\ n I Jr Jr 



where 4>o denotes the function : $0(2;) 
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Suppose a; < 0. Integrating by parts we have : 
Reasoning by induction we can easily prove : 



i=0 

with ao = 1 and 



tti = 1 X 3 X • • • X (2i - 1) = = Eo[Xf% i > 1. 
This relation implies : 

i=0 

Consequently : 



X — > — oo. 



where : 



2; JL^ 1 a- / 1 \2i+i 1 



r — > 00. 



Setting r = t — u, where u > is fixed and t 00, we get : 

^ (-l)'+^ai 1 / 1 \2*+i . 1 . 

+ 1. A- i^+V. 1^13^(1 __^)J +0iin+3/J' 

This implies : 

1 . .1 , 1 

t — > 00, 



1 11 



where, for any i, [z, u) ai(A, z, u) is a polynomial function with degree less than n, with respect to 
^; or u. Moreover we have : 

ax{\,z,u) = -- + —. 

If r = f — u we have : 
therefore : 

h{\ z,t-u) = ^e>^'^'--y' [X^ + eA^+A=»/2e-A=*/2 1 { j- /3,(A, + O(^) }] , i - 00, 

where (-z,^) 1— > Pi{X,z,u) is a polynomial function with at most degree n with respect to z or u. 

z 1 

Note that /Ji(A, 2:,'u) = ai{X, z,u) = —— + --^ 

A A 
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We are able to come back to relation H6.11|l 



sinh (A(, - a)) , ^ 



gA2«/2g-A2t/2_ 



^7i(A,a,y,-u)- +0( 



, i — > oo, 



where 



y-a 



ji{X,a,y,u) = ^p{y)e^^^ / e Pi{X, z,u)dz + / 'tj){x)[3i{\,x - a,u)dx. 

Jo Jy 

Note that : 

|7,(A, a, u) I < C(l + u") (1 + |a|" + ^(y)e^(2'-'')) , a G M, y > 0, u > 0. (6.22) 
Introducing : 



F,^''^{a,y,u) :=e-^'"/2(v;(y) 
We have : 
g{X,a,y,t-u) = 



XV2TrFQ-'^{a,y,u) + ^ ^ ^ji{X,a,y,u)- + 0{^^' 



^ 2 — 1 



(6.23) 



, t — > oo, . 



/"OO 

Since i^o^^*^ (0,0,0) = / e-^"^'(/'(a;)da; = 1, then 

-A^t/2 " 11 

Av^Fo^'^(a, y, ^.) + ^ ^ 7.(A, a, 2/, ") - + O(^) 



g{X,a,y,t-u) 
g(A,0,0,t) 



AV27r 



^ 2 — 1 



1 1 

^7.(A,0,0,0)- + 0(— , 



-A-t/2 " 1 1 



Vt ^ 

^ 2 — 1 



Fi''^{a,y,u) = \^ (ji{X,a,y,u) - 7i(A, 0, 0, 0)Fo^''^(a, y, u)^ 



In particular 

F^^'^ia. v.u) = 

AV27r 

It is easy to compute 71 (A, a, y, w). We have : 



7i(A,a,y,«) = —(^^jj{y)e^(y-)j^ e-^'{l - Xz)dz + j ^{x){l - X{x - y) - X{y - a))dx) 
= ^(c(A,V')</'i(y)(y-a) + V'(a;)(l - A(a:: - y))da;^, 

/>oo 

with c{X,(p) = / V-'(2;)(l ~ Xx)dx and 
Jo 

Vi(2/) = - A^ V(a;)da;), y > 0. 
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Setting : 

ry 
Jo 

we obtain : 

c{X,ip) 
1 

C(A,<P) 

In particular : 

$i(+c5o)-$i(0)= / ^i{z)dz = l 

Moreover : 

c{X,(p) 



$i(+oo)-$i(y) = ^) { [ ^i^)dx~\J^ ij{x){x ~ y)dx^ 

^{x){l ~ X{x - v))dxy 



This proves point 1. (b) of Theorem [ 



7 Further discussions about Brownian penalizations 

As a conclusion to this paper, we would like to mention that we are presently developing some further 
discussions about Brownian penalizations in three papers in preparation : 

• in we study a number of extensions of Pitman's theorem, which are closely related with 
the penalizations found in the present paper; 

• in |12| . we extend most of the results found in the present paper when {Xt) is replaced with 
(i?t), a Bessel process with dimension d < 2, the weight process being a function of the local 
time of (i?t) at level 0; 

• in we study penalization results for n-dimensional Brownian motion, when the weight 

process is ( exp — / lc{Xs)ds) , where C denotes a cone in E"* with vertex 0. 
Jo 
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